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ABSTRACT 

Holographic Renormalization Group (RG) in nine dimensions is consid- 
ered. The d8 holographic conformal anomaly is found. It should correspond 
to d8 CFT in AdSg / CFTg correspondence. The comparison of holographic 
and QFT anomalies in d8 de Sitter space is done. It may give the indication 
for rigorous AdS 9 /CFT 8 correspondence proposal. 
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The Hamilton- Jacobi formalism in higher dimensions provides the inter- 
esting formulation of holographic RG []IJ (for related works, see||, |!|). This 
is extremely useful in the study of RG flows 0] (and references therein) from 
SG side in AdS/CFT correspondence 0]. In particulary, such investigation 
gives the possibility to use the solutions of multi-dimensional (gauged) super- 
gravity in order to describe RG flows in dual CFT living on the boundary of 
corresponding AdS spacetime. One of the quantities playing the important 
role in AdS/CFT correspondence U is holographic conformal anomaly |J. 
For example, the comparison of holographic and QFT conformal anomalies 
helps in the explicit identification of boundary CFTfj with the corresponding 
SG dual. Moreover, the holographic RG is the only known way to get the 
non-perturbative conformal anomaly (which is actually impossible to do in 
frames of usual perturbative QFT). The maximally SUSY Yang-Mills the- 
ory is the only exclusion from this rule: here QFT calculation for exact, 
non-perturbative result is possible. 

It is known quite a lot about AdS/CFT correspondence in dimensions be- 
low 8, say, about AdS7/CFT 6 , AdSs/CFT 4 or AdS3/CFT 2 set-up (see review 
|| and refs. therein). The corresponding exact CFTs in dimensions 2,4,6 are 
explicitly constructed. It would be really unnatural to expect that Nature is 
not symmetric and that ,say, AdSg/CFT 8 correspondence and correspond- 
ing exact CFT do not occur. Hence, it would be of great interest to extend 
the corresponding results to higher dimensions: d9, dll (where M-theory is 
presumbly residing)^. As one step in this direction one can calculate the 

4 The brane quantum gravity presumbly may be included into this identification as 
next-to-leading effect H . 

5 Despite some attempts d8 CFT is not constructed yet explicitly. The multiplet of 
CFTs could be one including rank 3 (with 3 vector indeces and maybe anti-symmetric) 
tensor field. We need to consider what is the low energy effective theory in D7-brane. Let 
us consider the situation where N branes are piled up. If a (open) string connect two 
branes, the string corresponds to vector field in the low energy and the field contains N 2 
components, which correspond to M = 4 Yang-Mills theory in 4 dimensions. If strings 
with junction (3 strings with one vertex) connect 3 branes, it corresponds to rank 2 tensor 
field with N 3 components, which lead to CFTg. If strings (or maybe strings with two 
junctions or verteces) connect 4 branes, it would correspond to rank 3 tensor field with 
iV 4 components, which would correspond to CFTg. Note that the number of the vector 
indeces corresponds to the directions from one fixed brane to the other branes, then the 
number of the indeces is the number of the connected branes minus one. Another way of 
doing things could be to start from dlO supergravity, to compactify it to 8 dimensions and 
to try to construct something like modified 8d vector multiplet. Clearly, it is not an easy 
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holographic conformal anomaly in higher dimensions. In the present Letter, 
starting from the systematic prescription for solving the Hamilton- Jacobi 
equation (i.e. flow equation) given in |J, we will perform such a calculation 
in eight dimensions. [] 

First, we briefly review the formulation discussed in [0, [|. One starts 
from d + 1 dimensional AdS-like metric in the following form 

ds 2 = G MN dX M dX N = dr 2 + G^(x, r)dx»dx u . (1) 

where X M = (x^, r) with /i, v = 1, 2, • • • , d. The action on a (d + 1) dimen- 
sional manifold M^+i with the boundary = dM^+i is given by 

S d+l = f d d+1 xVG{V -R)-2 f d d xVGK 

JM d+1 JT, d 

= ( d d x ( drVG (V-R + K^K^ - K 2 ) 

= J d d xdrVG£ d+1 . (2) 

where R and K^ u are the scalar curvature and the extrinsic curvature on 
respectively. K^ u is given as 

1 fir' 

^ = K = G^K, V (3) 

In the canonical formalism, Cd+i is rewritten by using the canonical momenta 
n^;, and Hamiltonian density 7i as 

BC 1 

c d+1 = u^-^ + n, n = — (n^) 2 -n^ + v-r. (4) 

The equation of motion for U' 1U leads to 

IP" = - G^K. (5) 

task. 

6 The very interesting attempt based on counterterm method to calculate d8 conformal 
anomaly has been performed in rcf . |[o| . However, the explicit result was not obtained 
there. Moreover, it is known J3| that counterterm method in higher dimensions may lead 
to some ambigious result. 



3 



The Hamilton constraint Ji = leads to the Hamilton- Jacobi equation (flow 
equation) 



{S,S}(x) 
{S,S}(x) 



VGCJx) 



d-l 



G 



5S 



5S 



[IV 



5G 



hi/ , 



5G 



[IV , 



C d (x) = V-R[G\. 



(6) 
(7) 
(8) 



One can decompose the action S into a local and non-local part discussed 
in ref . fTTTl as follows 



S[G{x)\ = S loc [G(x)] + F[G{x)}, 



(9) 



Here Si oc [G(x)} is tree level action and T contains the higher- derivative and 
non-local terms. In the following discussion, we take the systematic method 
of ref.f9j, which is weight calculation. The Si oc [G] can be expressed as a sum 
of local terms 



Sioc[G(x)} = J d d xVGC loc (x) = J d d xVG £ [C loc (x)] w (10) 
The weight w is defined by following rules; 



w=0,2,4,- 



G^, T : weight , : weight 1 , R, R^ v : weight 2 



5T 



5G 



: weight d . 
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Using these rules and (||), one obtains the equations, which depend on the 
weight as 

GCd = [{Sloe, Sl oc }] + [{Sloe, Sl oc }] 2 (11) 

= [{Sioc, Sioc}} w (w = 4, 6, 2), (12) 

= 2[{Si oc ,T}} d + [{Si oc ,Si oc }} d (13) 

[£ioc} and [£/ oc ] 2 are 



The above equations which determine [£; cL- 
parametrized by 

[Ci oc } Q = W, [Cio C ] 2 = -<$>R. 
Thus one can solve (ITTf) as 



V 



d 

"4(d-i; 



-W 2 , -1 



d-2 
2(d- 1 



-W<$> . 



(14) 



(15) 
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Setting V = 2A = — d(d — l)/l 2 , where A is the bulk cosmological constant 
and the parameter I is the radius of the asymptotic AdSd+i, we obtain W 
and $ as 



W 



2(d- 1) 
I 



d-2 



(16) 



To obtain the higher weight (w > 4) local terms related with conformal 
anomaly, we introduce a local term [AocL as follows 



loc\ 4 



XR 2 + YR^BT + ZR„ uXry R^ x °. 



(17) 



Here X, Y and Z are some constants determined by flT2|). The calculation of 
[{S/ oc , Sj oc }] 4 was done in as 



[{Sloe, Sloe}} 

W ( 
+ \2X 



W 



4 2(d-l 

(d - 4)y 

d 



(d - 4)X 



d/ 3 



4(d- l)(d-2) 



I? 2 



/ 3 



-y 



(rf-2) 2 . 
2 \ 



- \, WZR, uXa R^ x ° 



2(d- r 



2(d- 1)* ' d-1' t 
For d > 6, from [{Sz oc , S'i oc }] 4 = one finds 
dl 3 



(18) 



y 



/ 3 



4(d- l)(d-2) 2 (d-4)' (d-2) 2 (d-4)' 
Using them, one can calculate [{Si oc , Si oc }] 6 as || 



Z = 0. (19) 



[{'S'/oc; »Szoc}]( 



-4X + 



d + 2 
2(d- 1 



y ] RR^Rr + 



d + 2 
2(d- 1 



AYR^R^R^xo- + (4X + 2Y)R^V fl V u R - 2YR^V 2 R^ 

+ (contributions from [/^ oc ] 6 ) 



+ f _2X - „ rf 2 , y) RV 2 R 



+ 



2(d- 1) 
3d + 2 



oo p., | rf ( rf + 2 ) 

2(d- l)(d-2) 2 (d-4) ^ 8(d- l) 2 (d-2) 3 (d-4) 



it! 3 
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(d- 2) 3 (d-4) 



R» x R va R 



(d- l)(d-2) 2 (d-4) 
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(d-2f(d-A) ^ (rf-l)(rf-2) 3 (d-4) 

+ (contributions from [Aoje)- (20) 



The weight d flow equation flT3|), which is related with the conformal anomaly 
in d dimensions fl], || , is written by 

W 1 5T 

' W^Td ^^ = ~ [{Sloc, Sloc]]d ' (21) 

This G^ u -^— can be regarded as the sum of conformal anomaly Wd and 
the total derivative term V ^Jd in d dimensions. Thus we rewrite fl2T|) as 
following 

* 2 m + v M js = [{s loc , s loc }\ d . (22) 



Here k 2 is d+1 dimensional gravitational coupling. Using the above relation, 
one can get the holographic conformal anomaly in 4 dimensions from 



* 2 W 4 = [{S loc , S loc }} 4 = I 3 [^R 2 - \R^) . (23) 

This agrees with the result in Refs.0 calculated by various methods (using 
AdS/CFT duality). Further, the above calculation can be extended to in- 
clude dilaton (a scalar). Note that holographic conformal anomaly for the 
presence of dilaton turns out to be scheme-dependent ||. The conformal 
anomaly in 6 dimensions is calculated from fl2"DD as 

K 2 W 6 = -— ^=[{^ oc ,^ oc }] 6 

/ 1 3 1 

— I t\,t\. lu ,t\ — It — it It itnuXn 

V128 M 3200 64 ' 

+ — R^V.VuR - —R^S7 2 R U u + -^—RV 2 r) , (24) 
320 M 128 M 1280 J K J 

which coincides exactly with 6 dimensional conformal anomaly in || . Above 
discussions have already been performed in Ref.p. 
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The local terms of weight 6: [£; oc ] 6 is assumed to be 

[A oc ] 6 = aR 3 + bRR^ v W v + cRR^R^ + eR^x«R w R va (25) 
+fV,RWR + gV^VR"" + hW p R upaT WR V ^ T + jR^R p u R pp . 

Adding above terms to (|2CiD, we obtain 
1 [{Su» S loc }} 6 =( b (i-M- — W + 2 £ fJ - ) RR^RT 



v^ u toc ' tocJJ6 \ \2 J I 2(d- l)(d-2) 3 (d-4) 
+ 



+ 



(d- l)(d- 2) 2 (d-4) 



+ 
+ 



+ 
+ 
+ 
+ 



d \2 d(d + 2)Z 4 \ 3 

2 ~ 3 J 7 + 8(d- l) 2 (d-2) 3 (d-4) J 



'- e g + 2 ) " 2 * " T< 2 " *>} T + ( d- 2 Sd-4) ) 

6 (2 - d) - Ac + e (1 - l) + ^(2 - d) U 



/ 4 



R» U V P V V R 



2 2V 



{26(1 -d)-de + 2g- 3j} - + —. — ——. — - R^V R : 



6o(l - d) - & ( 1 + ^ ] - 2c - ~e + 2/}> ~ 



Z (d-2) 3 (d-4) 
2 
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i 1 



RV 2 R 



(d- l)(d-2) 3 (d-4) 
^ + 2h + 2/(d - 1)) 2 V 4 i? + - 3) jRR^R^ 

6a (i - rf) - dfc - 4c - ?e + ^ - lj / - I + |(2 - d)j) jV„i2V"J2 
26(1 - d) + 2e(l -d) + J^-l)-8/ i - 3j) y SJ R R^V R R» V 



3 

2 l - -J I 
2 , „ 2e 



(2d - 3)e + 2# + 8/1 + -(2 - d)j ) -V K RTV v Rl 



+ ((d - l)e + 2p - dj) -RTRPRw + (2 - d)-R^W P W p R h 
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+ (2c(l -d) + ^-lj h^j jV a R^ pa V a R^ 
+ (2c(l - d) + 2h) 2 -R^ 2 W vp(J 

2h 

+ (4R^R x ,R x par - 4R^R; Xp Rt ra ) - 

+ (-8R^R» Xa R* vp + AVvR^WK"™) y 

Y (d-6)6 (3d + 2)/ 4 \ 

^ / 2(rf-l)(rf-2) 2 (rf-4)J ^ 

/ (d-6)a d(d + 2)Z 4 \ ff3 , Ad-6)c \ A(7 

+ V ~T~ + 8(^-1)^-2)3(^-4)^ + {-^) RR ^ R 

, Ad-6)e 16/1 4/ 4 \ A 

+ l v ^^ + ~ + (rf-2)3(rf-4)J /? * ^ ACT 

/ / d\ 2/ Ah dl 4 \ „ 

+ I" ( 3 " 2 j T + T + 2(d-l)(d-2)3(d-4) J 

I ( (d-6)g 2Z 4 16h\ 

+ {d-2f{d-A) + — ) v R v ^ 



'2j (d \ 16h N 
Z 2 6 I 



+ I -r- I - - 3 ) — I R^R^R^ 



+ total derivative terms . (26) 



For d > 8, from [{Sz oc , docile = 0, if one neglects the total derivative terms, 
the coefficients a, b, c, e, f, g, h, j are 

d{d + 2)l 5 



8(d- l) 2 (d-2) 3 (d-4)(d-6) 
(3d + 2)Z 5 

~ 2(d- l)(d-2) 2 (d-4)(d-6) ' C ~ 

4/ 5 r dl 5 

e = -n — 7w3 — ' / = 



(d-2) 3 (d-4)(d-6) ' J 2(d- l)(d-2) 3 (d-4)(d-6) 
2/ 5 

g= (d-2)3(d-4)(d-6) ' * = °' J = °- (27) 
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We can also consider d — 8 case in the same way. In d — 8 case, one obtains 
■jg[{Sioc, Sioc}]s as follows 

1 rrc _ / (d + 8)X 2 {d + A)al \ d4 



[{Sloe: Sl oc }]s — -J-. -T- + —7-. -T-7-3 —T R 



VG U JJ V 4(d-l) 2(d-l)(d-2) 

+ ( 2X 2 + M + 4 ) Xy _ ggj + ( 4 - + eZ 



2(d-l) (d-2) 2(d-l)(d-2) 2(d-l)(d-2) 
2// \ d2vt2d , / (d + 8)Y 2 2bl \ , DIU/D , 2 



(d-l)(d-2)J \ 4(d-l) d-2 

+ (^-4X 2 - ^^^ F 2 - 2Xr) (V 2 /?) 2 



r2 (d + 8)XY Gal (d + 4)U \ 2 

2(d-l) (d-2) + 2(d-l)(d-2)yl 



+ (4X 2 + r 2 + 4Xr) V^V U RV^V U R 



(d-4)(-2d+l)F 2 _ 26/ eZ 4/Z\„ UI/ „ „ 2 . 
2(d-l) + 2XF - d^ - d^2 + IT2 j ^ V 2j 



+ (-2F 2 - AXY) V 2 R^V^V v R + [ay 2 - ^ + -^J V 2 R^R^ Xuk R Xk 



+Y 2 V 2 R^ V V 2 R^ + [AY 2 + ^) R^R^^ET 

+ (-4F 2 - 8XF) R x ku R^V x V k R + -^R kX R^ v WV x R™ 

~\~ ( 8XY — 1 — — — — - — - — 1 — — tt~, r I R\R^,,R^ V R 

\ d-2 2(d-l)(d-2) (d-l)(d-2)J x 

( 46Z eZ 2oZ \ , K , 

( 6al bl 3eZ dfl 

+ — ! r--= 7 + TTT^ ^ + 



d-2 d-l 4(d-l)(d-2) 2(d-l)(d-2) 
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+ d^2 ( 12a + 26 + | " 2 / ) ^-V"/?V"7? 



("» - 26 + 2(^1)) + (^2 + 2(^1)' 



d-2 ^ d-2 
+^ (46 + 4e - 2#) R KX V K R, U V X R^ + ^ (46 - 2g) R kX V,RV x R» k 



' (46 + 2e) i? KA V M i?V^ KA + — ^— (e - ) RR^R^R 



d-2 y d - 2 V d-l 

I 

(d - lj(d - 2) 



+ - J ^ ((2d - l)e - 2(?) RWR^VuR^ 



del 2p1 

-RR^ x V^J K R uX + — — R, u V K R vp V p R^ 



(d-l)(d-2) ^ " " A d-2 

K K\ K vm, K K i ^-KkAV^-K V -ft, : -K K \K V \/ K 



d-2 KA "«* d — 2 " d-2 

(2e - 4 3)^w V 2 ™ + W R V 4 R *< 



d-2 d-2^ v 
+ J^ R ^ RU(7VXR ^ - ^^ RKX ^K^,Kux (28) 



i — |— 4 <7 ) Z K x Ael / jdu jypuXp tdk , p ni D^A/i pn 

ppv ' -T^kX-T^u* 1 ^app 

Substituting X, Y, a, 6, e, /, g,j in fll9|) and (|27j) into the above equation and 
putting d = 8, we obtain the explicit form of [{Si oc , Si oc }] 8 and conformal 
anomaly in 8 dimensions 

2 1 

--/t 2 W 8 = -^y=[{Si oc , S loc }} 8 



889056 2352 36288 v 508032 

53 1 61 

+ R 2 R^Ruv + WV U RV U V V R+ RR^V,V V R 

63504 112896 M 63504 

23 1 1 

R^R UU V 2 R V 2 R^V U V V R + V 2 R' 11 ' R uXuk R Xk 

10368 ^ 24192 576 M 
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1 IS 37 

R kX R*V»V x R v ° mR^BTR R kX RV 2 R kX 

648 3024 A ^ 9072 

31 71 65 

R(VR) 2 + R KX R flK V ll V x R+ R^VRVR 

28224 v ; 18144 M 28224 

23 11 

RV K R UV V K RT i?V 4 i? R, U V P V U V 2 R 

18144 ^ 72576 6048 M 

2 43 

+ — R^R^V^Ruv + r kX v k r. u v x r^ 

557 KA ^ 18144 

+^—R KX V u RV x R pK - —R kX V u RWR kX — RR^ U R KU R KV 

18144 kX m 567 2268 KU 



1134 ^ 2268 

1 „ „„„ 1 



:R^V K R up V p R Kp + —R KX R x uptl R Kp R^ 



1296 p ^ 1296 

+ -1/? kA v^v a ^ + ^ + r x r^v 2 r; Xi/ + ^L^v'sr 

--^R^R^V'R^ + ^R^WRIV.RU 

\- (R KX R v a R^R K mv + R KX R:R^R^ p ) . (29) 



648 



As one can see already in eight dimensions (and omitting total derivative 
terms) the explicit result for holographic conformal anomaly is quite com- 
plicated. It is clear that going to higher dimensions it is getting much more 
complicated. 

As an example, we consider de Sitter space, where curvatures are covari- 
antly constant and given by 

Rfiupa i.9np9vtj 9lio9vp) i Rflu j2 9liv i R • (30) 

Here I is the radius of the de Sitter spaceQ and it is related to the cosmological 
constant A by A = ( d ~ 2 )( d ~ 1 ) _ gy putting d = 8 in ( |30| ) and substituting the 

7 The choice of de Sitter space is caused by several reasons. First, the explicit expres- 
sion for holographic d8 CA is significally simplified on this highly symmetric background. 
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curvatures into ( p9|) , we find an expression for the anomaly: 



k2>V8 = -^ 5 - 5 -» 8 = -W' (31) 

We should note that \ is 9 dimensional one here, then k 2 has the dimension 
of 7th power of the length. 



In refs.[|IT], [12[ the QFT conformal anomalies coming from scalar and 



spinor fields in 8d de Sitter space are found 

23 2497 



- scalar 



Spinor Q A KKn~4i8 ' ( 32 ) 



34560vr 4 / 8 ' bpmor 34560tt 4 / 8 



If there is supersymmetry, the number of the scalars is related with that of 
the spinors. For example, consider the matter supermultiplet and take only 
scalar-spinor part of it (one real scalar and one Dirac spinor) as vector is not 
conformally invariant in d8 dimensions. If there is N 4 pairs of scalars and 
spinorsQ , the total anomaly should be given by 

4 7iV 4 
W 8 = N (T scalar + T spinor ) = — — — 4 . (33) 

6 (2tt) I s 



(34) 



By comparing ([$3|) with (|3~1"D, we find 

1 2167V 4 



k 2 8867(2tt) 4 F ' 
which might be useful to establish the proposal for AdSg/CFT 8 . 



Second, the quantum field calculation of d8 conformal anomaly has been done so far only 
for de Sitter background as we mention in the text. Third, even in d4 case the calcula- 
tion of CA on de Sitter space has been done by various authors because it may have the 
interesting applications in cosmology/BH physics and it is related with Casimir energy. 

8 In AdSs/CFTi correspondence where exact CFT is maximally SUSY SU(N) super 
Yang-Mills theory the supermultiplet structure gives the multiplier N 2 in front of QFT 
CA which should be compared with holographic one. The AdS3/CFT2 predicts the corre- 
spondent multiplier to be N. In AdSr/CFTg correspondence where recently constructed 
(0,2) tensor multiplet plays the role of exact CFT the supermultiplet structure predicts the 
multiplier N 3 in front of QFT CA which should be compared with holographic one. It is 
very natural to expect then that AdStj/CFTg correspondence exists (as well as respective 
d8 exact CFT) and the number of fields in CA appears with the factor iV 4 . As far as we 
know several attempts to construct d8 exact CFT are on the way currently. 
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Of course, the above relation gives only the indication (the numerical 
factor is definitely wrong) as we considered only scalar-spinor part of non- 
conformal multiplet. On the same time it is known that for AdSy/CFTg 
correspondence the tensor multiplet gives brane CFT while for d4 the gauge 
fields play the important role (super Yang-Mills theory). As far as we know 
the rigorous proposal for d8 brane CFT does not exist yet. However, it is 
evident that not only scalars and spinors but also other fields will be part 
of d8 CFT. It would be extremely interesting to construct the candidate for 
such theory. Then the above d8 holographic anomaly may be used to check 
the correctness of such proposal. 
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